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1. Introduction

The XY, an oil field in Southern offshore Vietnam, has
produced oil from a basement reservoir since 2003. In
order to maintain reservoir pressure, water injection has
been started from Dec 2004. Water was first appeared
in produced fluid from the well X-1 in May 2004. Water
encountered in other wells started to increase in late
2005. Hundreds of water samples were taken and
analyzed. Analytical results indicated that the chemical
compositions of produced waters vary from well to well
and even from time to time in some wells. For monitoring
and optimizing production performance, determining
the source of the produced water was required, and this
was set as the main objective of this study.

A mathematical model, the so-called the Linear
Mixing Model was developed, mainly based on the
statistical assessment of variation of conservative
chemical species in available produced water analytical
results, to identify all possible sources and the
contribution of each source to the produced water. The
results of the model indicate that the produced water
is a mixture of three sources: formation water, injected
water and drilling fluid. Among these sources, formation
water is the dominant component in almost produced
water samples.

This paper presents the mathematical model which
was successfully applied to determine the source of
produced water in the XY oil field.

2.The linear mixing model

2.1. The Linear Mixing Approach

related  observations,
compositional variation among a series of specimens

In  many geochemical

(e.g., rock, sediment or water samples) may be attributed
to physical mixing or mathematically linear mixing.

Datasets which conform to a linear mixing model can be
expressed as mixtures of a fixed number of end members.
The end members represent a series of fixed compositions
(or compositional profiles), which can be regarded as
distinct contribution sources to the geological body for
which the datasets are being analyzed [1]. In our case, a
water body is assumed to be supported from mixing p
independent water sources, m water samples are taken
and concentrations of n soluble chemical species are
those of interest.

The fundamental principle of the linear mixing model
is that mass conservation can be assumed and a mass
balance analysis can be used to identify and apportion
contribution sources. Mass balance equation can be
written to account for all n soluble chemical species in the
m samples as contributions from p independent water
sources:

p
Vi :Zgikfkj (1)
k=1

Where Y, is the j" elemental concentration (mg/I or
meq/l) measured in the i sample, g, is the contribution
proportion of the k™ water source to the i sample, and fkj
is concentration (mg/l or meq/I) of the j soluble chemical
constituent in water from the k* source.

When all the measurements Y’ of n chemical species
in m samples are populated in a m-by-n matrix Y, then
equation (1) can be written in the matrix form as:

Y =GxF (2)

Where G is a m-by-p matrix of source proportions
and F is a p-by-n matrix of source compositions (or source
profiles).

In fact, measurements in matrix Y, of course, are
likely to include some noise and/or analytic, as well as
systematic errors. So equation (2) should additionally
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include an error term E (@ m-by-n matrix), then equation
(2) can be rewritten as:

Y =GxF + E (3)

There exist a set of natural physical constraints on
the solution that must be considered in developing any
model for identifying and apportioning the sources of
water contribution. The fundamental, natural physical
constraints that must be obeyed are:

- The original data must be reproduced by the
model; this means the error term E must be minimized
and values in the matrix £ would be distributed in certain
and explainable patterns.

minimize ”E ”2 (4)

- Allvaluesin matrices Gand F must be non-negative;
a water source cannot have a negative concentration of
chemical species or a water source cannot contribute
negative proportions to any water sample.

G>0and F>0 (5)

- When all possible water sources are taken into
account, the sum of source proportion contributions to
each water sample must be constant (e.g. equal to unit or
a hundred percent).

sum(G) = 100% (6)

It is assumed that the concentrations of a series of
chemical species have been measured for a set of samples
from the water body so that the matrix Y is always known.
If the number of sources p that contribute to those water
samples can be identified and their compositional profiles
measured, then only the contributions of the sources to
each sample need to be determined. These calculations
are generally made without much difficulty, using
standard linear equation or more effective alternatives,
such as non-negative least-square techniques [2].

There is situation in which the chemical composition
of the water body is believed to have been produced by
mixing from some water sources, but the number of water
sources and their chemical composition are unknown. In
this case, the objective of the linear mixing modeling is to
determine the number of water sources p, the chemical
profile of each water source and the proportion that
each of the p sources contributes to each water sample.
Recasting the chemical compositions of water samples
into a linear mixing model in the absence of a priori
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knowledge about the water sources requires a solution of
the bilinear (or explicit) mixing problem. The multivariate
data analysis methods that are used to solve this problem
are generally referred to as factor analysis.

2.2. Principal Component Analysis (PCA)

The conventional approach to solve the bilinear
mixing problem is the most common form of factor
analysis named Principal Components Analysis (PCA).
This method is generally calculated using an eigenvector
analysis of a correlation matrix.

The matrix Y can always be defined in terms of the
singular value decomposition.

Y = UxSxV’ (7)

Characteristics of singular value decomposition are
that: U and V matrix are orthogonal, and singular values S
are always ordered so that those with the largest variation
come first. When only the first p columns of the U and V
matrices and the first p values of S_are take into account,
which are denoted as U 7 and § respectively, and an
error terms E is added, then equation (7) will be:

Y=UxSxV +E (8)

Error matrix E represents the part of the data variance
un-modeled by the linear mixing model with p factors. It
can be shown [2] that the first term on the right side of
equation (8) estimates Y in the least-squares sense that it
gives the lowest possible value for ”E” when the data
matrix Y is approximated by the linear mixing model with
p factors.

Equation (8) is a mathematically feasible solution
for the bilinear mixing problem which was addressed in
equation (3). The problem can be solved, but it does not
produce an unique solution. Itis always possible to include
a transformation into the equation:

Y =GXxTxT'xF (9)

where Tisone of the potentialinfinity of transformation
matrices. This transformation is called a rotation and is
generally included in order to produce factors that appear
to be closer to physically real source profiles.

Infact, Gand F are usually consisting of many negative
values. However, the rotation matrix T cannot, in most
cases, eliminate all negativity in G and F, and constant-
sum constraints (6) is hardly satisfied in customary PCA.
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2.3. Matrix Factorization with Non-Negativity and
Constant-Sum Constraints

There are various approaches available to impose
nonnegativity constraints in factor analysis. One of the
alternatives for positive matrix factorization is Lee and
Seung'’s Euclidean Update algorithm which is preferably
called Non-Negativity Matrix Factorization (NNMF). This
algorithm is preferred because it is rather clear, simple
easily computable, but more important is of its guarantee
of convergence, although it is somehow expensive in CPU
time [3].

2
This algorithm minimize Euclidean distance || X-GF ||
with respect to G and F, subject to the constraints G, F>0.

- G and F are initialized to be two random non-
negative matrices or two roughly-estimated matrices.

- G and F are continuously kept updating until
2
|| X-GF || converges. The multiplicative update rules are
as the following:

Input Data Input g Input n_tols Input n_iter
K (m-by-n) M. Sources Convg, Criteria Mazx. Iter
2 Initialize G & F
Calculate | X-GF
o I ," - F =refor F :==random,
eucl = I X-GF [] G =random;
: Inner Loop }
; Update F H
: Outer Loop
Calculate | X-GF [’
update_eucl = | X-GF |
i_step > n_iter - ;
| o me | 1step =i step + 1
eucl - update_eucl < n_tols eucl := update_eucl

yes

Fig. 1. Algorithm Scheme of Lee and Seung’s NNMF
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This means that each element of F is multiplied by
corresponding element of matrix G’X then divided by
corresponding element of matrix G'GF.

During the above updates, G will be updated column-
wise while F will be updated row-wise, and G and F should
be “simultaneously” updated. This means, after updating
one row of F, the corresponding column of G needs to
be updated subsequently; so actually we update F and G
alternately.

The whole algorithm scheme of this NNMF model is
given out in Fig. 1. Updating elements of G and F in each
iteration is carried out in the inner loop, while calculating
Euclidean distance ” X-GF ||2 and checking criteria of its
convergence is carried out in the outer loop.
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Source Contribution
Proportions
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Source Profiles

Fig. 2. Outline of Source Unmixing Calculation
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3. Computations for produced @
water of XY field

3.1. Preparing Data Input

The water-rock physico-

chemical interaction was
conducted and the results &

47 #
showed that: there are 5 chemical S .

components including bromide,
chlorite, sulfate, sodium and
total ion which are necessarily
stable in the XY basement
reservoir and are considered
components
or chemical “fingerprints” to
clarify the contribution of each

s

as conservative
&
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Chemical data of produced
waters are assembled into a
matrix X, samples are arranged
row-wise, and parameters are

&
§e -

arranged column-wise. A total
number of 177 produced water
samples were taken in to account
so data matrix will have 177 rows
and 5 columns.

3.2. Computational Scheme

04, Water

Input data, after eliminating

Drilling Fluld

Fig. 3. Expression of produced water as mixtures of mathematical EMs

extremely eliminating, scaling — °¥ ™ ™
and/or weighting, are assembled ~ **™

in matrix X (177-by-5), including
177 produced water samples
and 5 chemical parameters. This
input matrix is trained in a computational process in
which an outline of the computational scheme is given
in Fig. 2.

3.3. Computational Output

In this study, the computation process was optimized
with three water sources. The PMF computation produced
three mathematical profiles (EM1-3), the expressions of all
water samples, injected water, brine and formation water
sample as mixtures of these 3 mathematical profiles are
represented in Fig. 3b. The representations of produced
water samples by these mathematical profiles show a
clear acute angle at formation water. This clue indicates
that all produced water samples are actually mixtures of 3
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Fig. 4. Positions of realistic end-members in
space of mathematical EMs
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5 H = ™ - £ ]
Inj. Water (%}

L%
¥ %
T

Fig. 5. Expression of produced water as mixtures
of water sources

realistic water sources with unique chemical profiles.

Initially, it is believed that produced water is mixing
from formation water, injected water and brine, but
computational results show that no produced water
sample is distributed in the large area spreading from the
brine position (Fig. 3b). Moreover, there exists also a clear
upper edge of the acute angle from the optimized position
of formation water. This evidence allows the conclusion
that produced water was mixed from an intermediate
composition between brine and injected water (sea
water) rather than directly from a pure brine composition.
This intermediate composition, so-called drilling fluid, is
positioned in the line from brine to injected water and
its position, as shown in Fig. 3b, can be determined by



PETROVIETNAM

Bromide Content

x10*  Chloride Content
3

Total lons (meg/L)

100 T - — 1500
.t + &
¢ 25} . * #
B0t . * : S i;‘ &4
S . &’: £ 2 ’.;‘ E 1000 C’ *
© * ® B 0.& 1 = -
= 60} o > 5 > &
= [ = [—
s id 5 15} . 1 8 &
© @ h 4 © >
3 o} o 3 & % 3 :
2 =2 1t f 1 = 500
O he O O
2f 05F & 1 »
0..
0 : - . - 0 0 . -
0 20 40 60 80 100 0 1 2 3 0 500 1000 1500
Observation Value Observation Value § ‘II]‘ Observation Value
Sulfate Content x10°  Sodium Content TDS - calculation
1500 - ~ - 60 . :
-
o* 50 "
S 1000 * y 3 ' . ¥ | 24 &
= L > - - = .t = *
! AR b | A
5 r 3, g 1 | 5w &
B & ke o B P
= A = r' = e 3
& 500} jg: o _* 1 = . 22 oy
K Sos | 2
-4 L o nr
0..
0 a : 1] 0 L L
0 500 1000 1500 0 056 1 15 2 0 20 40 B0

Observation Value

Observation Value % 104

Observation Value

Fig. 6. Calculation versus Observation of Chemical Components

convexity optimization. The convexity optimization gives
a proportion of 28.7% brine in drilling fluid. This value is
agreeable with the proportion of about 30% brine in total
mudlosses which include brine and seawater.

Finally, three realistic end-members which contribute
to produced water are positioned in the mixing space of
three mathematical end-members as shown in Fig. 4. It
can be realized that all produced water samples and their
natural trends, including acute angle and sharp edges, are
enclosed well by three realistic end-members. A spatial
base transformation or rotation to these realistic end-
members will give the expressions of all produced water
samples as mixtures of three realistic water sources as
shown in Fig. 5.

In order to validate the model, an inverting model
was performed. The recalculated values of chemical
components of water samples obtained by the inverting
model are in good agreement with the observation as
shown in Fig. 6.

Conclusions

In summary, all computational results have definitely
confirmed the appropriateness and accuracy of applying

a linear mixing model to identify water sources and their
contributions to produced water. The results of the model
indicate that the produced water is a mixture of three
sources: formation water, injected water and drilling fluid.
Among these sources, formation water is the dominant
component in almost all produced water samples.

The application of the mathematical models is the
fundamental factor for the success of this study.
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